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Now I wanna sniff some glue

If you want to know something about the slope of functions on the glued space, you can look on the separate
parts:
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The glued heat flow is not so easy to describe – we will need to introduce one more object on X. Besides the
Dirichlet form (E , D(E)) which corresponds to the heat flow with Neumann boundary values on X, there is
also the Dirichlet form (E0, D(E0)) for the Dirichlet boundary values defined by{

D(E0) := {f ∈ D(E)
∣∣ f = 0 on Z}

E0(f) := E(f) for f ∈ D(E0).

The associated heat semigroups Pt and P 0
t make it possible to get an expression for the glued semigroup.

Theorem. The heat semigroup corresponding to the Dirichlet form (Ê , D(Ê)) is given by

P̂tû =

{
Ptu+ P 0

t
◦
u+, on X+

Ptu+ P 0
t

◦
u−, on X−,

(1)

for a function û ∈ L2(X̂, m̂).

This formula expresses the fact that particles hitting the boundary set Z are reflected with probability 1/2
or change to the other copy of the space (i.e. change their “charge”) with probability 1/2.
To prove this you first show that the right-hand side of (1) is indeed a strongly continuous contraction semi-
group on L2(X̂, m̂). Then you identify the associated Dirichlet form with the one given by the Cheeger energy
by using the approximate Dirichlet forms like Et(u, v) := −1

t

´
X
v(Ptu−u) dm defined on all of L2(X,m), and

analogously for the other semigroups.
The other results follow by identifying the first setting (the two densities σ+, σ− on X) with the second one
(the glued space with probability measures on it) and using the Assumption.

Break on through (to the other side)

Theorem. The spaces (P̃(Y |X), W̃2) and (P(X̂), Ŵ2) are isometric. Here, Ŵ2 is the L2-Wasserstein metric
to the metric measure space (X̂, d̂, m̂).

Also, the entropy Ẽnt and the “usual” entropy on X̂ coincide up to a constant under this isometry, so that
the Assumption translates to the RCD∗(K,∞) condition for X̂. The result on manifolds now follows by
a theorem of [Schlichting] on gluing Riemannian manifolds, whereas the other results follow directly by the
properties of RCD∗(K,∞)-spaces. Additionally, the gradient estimate for X̂ gives a mixed gradient estimate
for the heat flow with Dirichlet boundary values on X:

Theorem. For all t > 0 and all u ∈ D(E0)

|∇P 0
t u|2 ≤ e−2KtPt|∇u|2.

To prove this, you insert the function û = u on X+, û = −u on X− into the gradient estimate on X̂. There
is an equivalent mixed Bochner inequality attached to it, namely

1

2
∆|∇u|2 −∇u · ∇∆0u ≥ K|∇u|2.
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