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Exercise 1 (Absorbing state) [5 Pts.]

Let X be a Markov chain with state space S and let s ∈ S be an absorbing state which is
reachable from every other state, i.e. for all r ∈ S there is n ∈ N such that pn(r, s) > 0.
Show that every state r ∈ S\{s} is transient.

Exercise 2 (Recurrence and superharmonicity) [5 Pts.]

Let p be irreducible. Show that p is recurrent if and only if every function with the
properties

∃ z ∈ S : f(z) = 1, (1)

0 ≤ f ≤ 1 (2)

f(x) ≥
∑
y∈S

p(x, y)f(y) (f is superharmonic) (3)

is constant.
Remark: The statement is also true without the assumption (1) and the upper bound on
f (as it was originally stated in the exercise), but the proof is not as elementary and needs
the martingale convergence theorem.

Exercise 3 (Finite Markov chains) [5 Pts.]

Consider a homogeneous Markov chain on {1, 2, 3} with transition matrix1− 2q 2q 0
q 1− 2q q
0 2q 1− 2q

 , q ∈ (0, 1/2)

and initial point x ∈ {1, 2, 3}. For each x = 1, 2, 3 calculate

a) the n-step return probability Px(Xn = x),

b) the average number of returns to the starting point x up to time n.

What is the relative frequency of visits to the starting point in the limit as n→∞?
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Exercise 4 (M/G/1 queue) [5 Pts.]

Consider the queue of students waiting in the interims mensa to be served. Unfortunately,
only one checkout is openend. Suppose that An new students arrive at time n, that the
An’s are i.i.d. random variables with values in {0, 1, 2, . . . } and that in each time step one
student gets served.

a) Show that the number Xn of currently (at time n) waiting students in the queue
satisfies:

Xn −Xn−1 = 1{Xn−1=0} + Sn − Sn−1,

where

Sn :=
n∑

k=1

(Ak − 1).

b) If E(An) > 1, then 0 is a transient state of Xn.

c) If E(An) ≤ 1, then 0 is a recurrent state of Xn.
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