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Exercise 1 (Zeros of Brownian paths) [5 Pts.]

Let (Bt)t∈[0,1] be a Brownian motion on (Ω,F ,P) whose sample paths t 7→ Bt(ω) are all
continuous.

a) Show that (t, ω) 7→ Bt(ω) is measurable as a map [0, 1]× Ω→ R.

b) Compute the expectation and variance of
∫ 1

0
Bs(ω) ds.

c) Show that L1({t ∈ [0, 1] |Bt(ω) = 0}) = 0 P-a.s.

Exercise 2 (Local maxima of Brownian paths) [5 Pts.]

Let (Bt)t≥0 be a standard Brownian motion on (Ω,F ,P). Show that the following state-
ments hold for almost every ω ∈ Ω:

a) The trajectory t 7→ Bt(ω) is not monotone in any interval [a, b] with a < b.

b) The set of local maxima of t 7→ Bt(ω) is dense in [0,∞).

c) All local maxima of t 7→ Bt(ω) are strict (i.e. for any local maximizer t∗ there exists
an ε > 0 such that for all t ∈ (t∗ − ε, t∗ + ε) it holds: Bt(ω) < Bt∗(ω).

Exercise 3 (Poisson processes) [5 Pts.]

A continuous-time process (Xt)t≥0 with càdlàg paths is called a Poisson process with
itensity λ > 0, if it is N-valued, X0 = 0 and has stationary and independent increments
which satisfy Xt −Xs ∼ Poi(λ(t− s)).
At time t = 0 there aren’t any bears in a village. Brown bears and grizzly bears arrive as
independent Poisson processes (Bt)t≥0 and (Gt)t≥0 with intensities β and γ.

a) Compute the mean and variance of (Bt)t≥0.

b) Show that with probability β
β+γ

the bear arriving first is a brown bear.

c) Determine the probability that between two succeeding brown bears exactly r grizzly
bears arrive in the village.
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Exercise 4 (A few other processes) [5 Pts.]

Let (Bt)t≥0 be a standard Brownian motion; we will also write B(t) = Bt.

a) Ornstein-Uhlenbeck: Let a, b > 0 and define, for t ≥ 0,

Xt := e−atB(be2at).

Show that that this is a Gaussian process and determine the mean and the covariance
functions E(Xt),Cov(Xs, Xt).

b) Geometric/Exponential Brownian motion: Let Yt := e(µ−
σ2

2
)t+σBt . Compute the mean

and covariance functions.

c) Fractional Brownian motion: Let H ∈ (0, 1) (“Hurst parameter”) and consider a
Gaussian process WH

t with continuous paths, zero mean and covariance

Cov(WH
s ,W

H
t ) = E(WH

s W
H
t ) =

1

2

(
s2H + t2H − |s− t|2H

)
.

Show that (αHWH
t ) and (WH

αt), α > 0, have the same distributions. Also find out if
there is a value for H such that (WH

t ) is a Brownian motion.
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