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Abstract

Sequential Monte Carlo Samplers are a class of stochastic algorithms for Monte
Carlo integral estimation w.r.t. probability distributions which combine elements of
Markov chain Monte Carlo methods and importance sampling/resampling schemes.
We develop a stability analysis by functional inequalities for a nonlinear flow of
probability measures describing the limit behavior of the algorithms as the number
of particles tends to infinity. Stability results are derived both under global and local
assumptions on the generator of the underlying Metropolis dynamics. This allows
us to prove that the combined methods sometimes have good asymptotic stability
properties in multimodal setups where traditional MCMC methods mix extremely
slowly. For example, this holds for the mean field Ising model at all temperatures.

1 Introduction

Spectral gap estimates and related functional inequalities provide powerful tools for the
study of convergence to equilibrium of reversible time-homogeneous Markov processes
(see e.g. [2], [3], [4]). They have been employed successfully to analyze convergence
properties of Markov Chain Monte Carlo (MCMC) methods for approximate sampling
and integral estimation with respect to a fixed probability measure pu, see e.g. [12] and
references therein. In several applications of MCMC methods one is further interested in
estimating sequentially expectation values w.r.t. evolving probability measures (g)¢>0-
For example, the measures u; may be used as the basis of a homotopy method for inter-
polating between a nice initial distribution ;¢ and a target distribution pg that cannot
be approximated directly in a feasible way (cf. the examples in XXX). Corresponding
sequential MCMC methods rely on replacing the Kolmogorov forward equation of a sta-
tionary time-homogeneous Markov process by a nonlinear Fokker-Planck equation that
is satisfied by the measures p;. The empirical distribution of an interacting particle
system discretizing the Fokker-Planck equation are then used as estimators for expec-
tation values w.r.t. p, cf. [DMDJ], [arXiv ’10]. In [arXiv '10] we apply functional
inequalities to derive non-asymptotic error bounds for the particle system approxima-
tions. The results are partially restrictive, since the validity of appropriate logarithmic
Sobolev inequalities is assumed. The purpose of the present article is to show that under
less restrictive assumptions, functional inequalities can be used efficiently to study the
stability properties of the limiting nonlinear Fokker-Planck equation.



2 Setup

2.1 Evolving probability measures

Let (pt)¢>0 denote a family of mutually absolutely continuous probability measures on
a set S. To keep the presentation as simple and non-technical as possible, we assume
that S is finite.

We assume that the measures are represented in the form

i) = 5 e (<U@) pol@). ¢ 20, o
where Z; is a normalization constant, and (¢, x) — Uy(x) is a given function on [0, 00) X S
that is continuously differentiable in the first variable. If, for example, U;(x) = tU(x)
for some function U : S — R, then (u¢)¢>0 is the exponential family corresponding to U
and pg. Let

it ()

po()

denote the negative logarithmic time derivative of the measures p;. Note that

0 0
Hy(z) = o log pu(z) = —alo

(o) = oo (- [ () is) afo). )

and

d
<Ht,,ut> = —%/J,t(S) =0 for all ¢ Z 0, (3)

where

()= [ fir =¥ f@)vie)

€S
denotes the integral of a function f: S — R w.r.t. a measure v on S. In particular,

0 0
H; = aut - <8tut"ut> .

In applications we have in mind, the functions U; are given explicitly. Hence H; is known
explicitly up to an additive time-dependent constant. The evaluation of this constant,
however, would require integration w.r.t. p.

If all the functions Hy, ¢ > 0, vanish then p; = po for all ¢ > 0. In this case the
measures are invariant for a Markov transition semigroup (p¢)¢>o, i.e.,

WsPi—s = [t forallt > s >0,

provided the generator £ satisfies puoL = 0, i.e.

Z po(z)L(z,y) =0 for all y € S.
TES

This fact is exploited in Markov Chain Monte Carlo (MCMC) methods for approximating
expectation values w.r.t. the measure pg. The particle systems studied below can be
applied for the same purpose when the measures u; are time-dependent.



2.2 Associated Fokker-Planck equations

To obtain approximations of the measures p;, we consider generators ((Q-matrices) L,
t > 0, of a time-inhomogeneous Markov process on S satisfying the detailed balance
conditions

pe(x)Lo(x,y) = w(y)Lo(y,z) YE>0, z,y €S. (4)

For example, £; could be the generator of a Metropolis dynamics w.r.t. p, i.e.

Li(z,y) = Ki(z,y)-min </’Z§i§1> for a # v,

Li(z,x) = =, 2, Li(x, y), where the proposal matrix K is a given symmetric transition
matrix on S. In the sequel we will use the notation £ to denote the adjoint action of
the generator on a probability measure, i.e.

(L) (y) = (ulo)(y) = Y nl(@)Lo(x, y).

zes
By (4), Lipe =0, ie.
(Lef,pe) =0 forall f: S — Randt>0.

We fix non-negative constants Ay, t > 0. Since the state space S is finite, the measures
1 are the unique solution of the evolution equation for measures

0
&I/t )\t ,Crljt — Htl/t (5)

with initial condition vy = pg. In general, solutions of (5) are not necessarily probability
measures, even if 1y is a probability measure. Therefore, we consider the equation

0

o = e Line — Hymy + (He,me) me (6)

satisfied by the normalized measures 7, = Vt’zts). Note that, by (3), u: also solves (6).
Moreover, if n; is a solution of (6), then

vy = exp (— /Ot <Hs,775>> us

is the unique solution of (5) with initial condition vy = 7.

The Fokker-Planck equation (6) is an evolution equation for probability measures
which, in contrast to the unnormalized equation, is not modified by adding constants to
the functions H;.

2.3  Stability

Let n; be the solution of (6) with initial condition v € M;(5), and let




denote the relative density of 7 w.r.t. the measure u; defined by (1). Moreover, let

et i =Ee[(ge — 1)°] = ((9: — 1)*, pue)
denote the mean square error (x?-contrast) of n; w.r.t. p.

The main objective of this article is to develop efficient tools to bound the growth
of €;. The analysis will be based on Theorem 1. To estimate the right-hand side of
(8) we have to control the two terms involving H; (which correspond to importance
sampling /resampling) by the Dirichlet form & (which corresponds to MCMC moves).
We first discuss how this can be achieved in the presence of a good global spectral gap
estimate. Afterwards, we give results based on local Poincaré-type inequalities, which
can sometimes be used to control the error growth in multimodal setups where good
global mixing properties of the underlying Markov chains do not hold.

3 Stability based on global estimates

3.1 Preliminaries

The associated Dirichlet form on functions f,g:5 — R is

1

E(f9) = —Eulf Lug] = 5 > () — F@)(gy) — 9(x)) Li(x,y) p(x),
z,yeS

where E; stands for expectation w.r.t. p;, and

(Leg)(x) ==Y Li(x,9)g(y).

We shall often use the abbreviated notation &(f) := &:(f, f)-

Now we have a first result about time evolution of the mean square error.

Theorem 1. The densities g; solve

0
59 = AMLige + Et[Higt] gt (7)
Moreover, the time evolution of the mean square error is given by
1d 1 9
5t = ~Ae&ilge —1) = SE[He(ge — 1)7] + Ee[Hi(gr — 1)] e (8)

Proof. To simplify the notation, we assume Ay = 1 for all ¢ > 0. The general case is
similar with £; replaced by A\L¢. Let us first derive equation (7): since p; has full
support and is differentiable in ¢, we have

9 10 om0, 9)
8tgt_,u,t 8tm i Ot g Ht-

Note that, by the detailed balance condition (4), the relative density of Lfn w.r.t. py is

Lim(y) - Li(x,y) N Li(y, z) _
()~ 2O 0y = ) L = L)

x x



Hence (6) yields

10
-2 Ligi— H H,,

m ot tgt 19t + (He, ne) gt

= (Lt — Hi)ge + (Higt, p1t) gt (10)
Recalling that Hy(x) := —% log (), « € S, one has

ne 0
—— —1 = H,q;. 11
1 Ot Oog [t tgt ( )

Inserting (10) and (11) into (9) we obtain (7).
Let us now derive the equation for the quadratic error

e = (g —1)% ) = By [(g0 — 1)7].

Differentiating this expression with respect to ¢ one gets

d
7= 2((gt — 1)0egt, pue) + ((g¢ — 1)?, Oepue)

where, by (6),

(9t — 1)0kge, ) = (g1 — 1) (Lege + (Hege, pue) gt ), 11t )
= (Li(gr — 1), (g — 1)) + (Hege, i) (9¢(ge — 1), p1e)
= —&(gr — 1) + (Hi(ge — 1), pue) &1,

and, taking again into account that Hy := —% log 14,
((ge = 1)%, Oupre) = ((g¢ — 1)%, (O log pue) pe) = — (Hy(ge — 1)°, pue) -

In the above derivation we have used the identities (g; — 1, u¢) = m(S) — we(S) = 0,
L£:1 =0, and (Hy, ) = 0. We have thus proved (8) in the case Ay = 1. The general case
follows similarly. O

For ¢t > 0 let

Cy:=sup {Ef)/&(f)| f: S —>Rst. E[f] =0, f#£0}
denote the (possibly infinite) inverse spectral gap of £;, and let
A= sup {E[Hy f?)/&(f)] f:8 - Rst. Biff] =0, f£0}.
Thus C; and A; are the optimal constants in the global Poincaré inequalities

Vart(f) < Ct 8t(f) Vf : S — R, (12)
EH, (f —Ef))?) < A&lf)  Vf:S—R (13)

Here Var; stands for variance w.r.t. py.



Remark 2. (i) There exist efficient techniques to obtain upper bounds for Cy, for ex-
ample the method of canonical paths, comparison methods (see e.g. [10]), as well as
decomposition methods (see e.g. [6]). Variants of these techniques can be applied to
estimate A; as well.
(ii) Clearly, one has
Ay < Cy-sup H, (x), (14)

so an upper bound on C; yields a trivial (and usually far from optimal) upper bound on
As.

Let
oi(H) = Var,(H)'? = E,H?'/?

denote the standard deviation of H w.r.t. p;. The next result bounds the error growth
in terms of C; and A;.

Theorem 3. If \; > A;/2 for allt > 0, then

d 20 — Ay 1/2
g loge < —— g+ 20,(H)e,! (15)
and
d 20 — Ay A _A\Y2 19 _
% loget < 7T + Q(EEt[Ht ]) €t/ +Et[Ht ]5t. (].6)

Inequality (15) is straightforward to prove, but sometimes (16) is stronger, since the
constants only depend on the negative part of Hy.

Proof. We have to estimate the terms on the right hand side of (8). By the assumed
H-Poincaré inequality (13), we obtain

1 1 _ 1
—5 Et [Ht(gt — 1)2] S 5 Et [Ht (gt - 1)2] S iAt . Et(gt — 1) .
Moreover,

V2= a(m)e

E[Hy(ge ~ D] < (B[H)"” (Erl(g: ~ 1))
Substituting into (8) yields

d

$€t S —2 (>\t — At/2) Et(gt - 1) + 20’t(H) 6:3/2

2\ — Ay
S T
by the global Poincaré inequality (12), provided \; > A;/2. This proves (15).
On the other hand,
By [He(— (90— 1)%/2+ (95 — Der)]
= SEH (g~ 1] + B [H (1 - g)] < (17)
+E: [H (= (9 —1)%/2 4 (9: — Der)] -

Et + 2 O't(H) S?/z,



Estimating the three summands on the right hand side separately yields
Ee[Hy (9:—1)%] < Ar-Elg— 1)
by the H-Poincaré inequality (13),
B [H (1=g)] < Eo[H,|"PE[H, (g: —1)°]"/
< E[H 146 (g - )

by the Cauchy-Schwarz inequality and (13), and
1 1
Ei[H (= (9:—1)%/2+ (9 — Der)] < 5 B[ H}'] & = §Et[Ht_]€? :

The last estimate follows since

and
EH ] - E[H ] = E[Hy] = 0.

By combining the estimates, (17) and (8), we obtain

d _ _
e S —(2h = A) Elge — 1) + 24 B [H 19— )6, + EilH )<

This combined with the global Poincaré inequality (12) yields

d 2)\75 - At A1/2 _ 3/2 _
gs S et 20:1/21[«:4@ V237 4 By H; ] €2,
and hence (16). O

As an immediate consequence of the theorem we obtain estimates on the average
relative frequency A; of MCMC moves that is sufficient to guarantee stability of the
corresponding nonlinear flow of probability measures.

Corollary 4. Let 0 < By < (1, and assume that for all t € (By, 1),

A
v M il )
or A 1
N> S (AGEH)Y? e + 0 GENH e, - 1)

Then t — & is strictly decreasing on the interval [By, (1].

Proof. If (18) or (19) holds for t € (B, 41), then by Theorem 3 and continuity, ¢ — &,
is strictly decreasing near (y and near any s € (o, $1) such that e, < eg,. Hence it is
strictly decreasing on the whole interval [Gy, 31]. O



Remark 5. (i) On the finite state spaces considered here, the constants C; and A; are
finite if £; is irreducible. However, in multimodal situations, the numerical values of these
constants are often extremely large. Alternative estimates based on local Poincaré-type
inequalities are in the next section.

(ii) Similarly to the above corollary, one obtains that the error decays exponentially
with rate v > 0, i.e. t — et & is decreasing on [3y, 31], provided

Ay +~C

At > 5

+ Croy(H) e "ERIZE2 b e (5o, B) (20)
or a similar condition replacing (19) holds.

(iii) One can often assume that the initial error €3, is very small. In this case, A\
slightly greater than (A; + vC})/2 is enough to ensure exponential decay with rate .

(iv) The case H = 0 corresponds to classical MCMC. Here A; = 0 for all ¢, so
Oei /0t < —2%’;&}. This yields the classical exponential decay with rate 2+ of the mean
square error in the presence of the global spectral gap A\;/C; > v of the generator \; - L;.
For H # 0, additional MCMC moves are required to make up for the error growth due
to importance sampling/resampling.

Roughly, the corollary says that is the initial error is sufficiently small, the stabi-
lizing effects of the MCMC dynamics make up for the error growth due to importance
sampling/resampling provided \; > A;/2.

3.2 Comparison with parallel MCMC

Suppose that we want to simulate pug for a fixed 8 > 0. Parallel MCMC consists in
simulating N independent time homogeneous Markov chains with generator £z. This
algorithm is clearly a special case of the sequential MCMC procedure introduced above,
where iy = pg for all ¢ > 0 and H = 0. If the chains are run with initial distribution uo,

one has
£ < €—2t/Cg £0 S €—2t/Cg . (eﬂOSC(H) _ 1)

where we have used that

2
g = Z(”O(x) —1> pa(r) = Z“O(”T; fo(x) — 1 < eBosli) _

o5 \mp(2) G

Hence to ensure e7 < € for a given £ > 0 and T > 0, a total running time

T > % (ﬁosc(H) —i—logi)

is sufficient. If (??) holds, the number of MCMC steps required for a simulation is of
the same order as T. Alternatively, we can apply the sequential MCMC method with
varying distributions p; (0 < ¢ < ). Using the rough estimate A; < C} - sup H, and
(19), we see that e; decreases in time if



Thus an expected total number of MCMC steps of order
1 B
5(1 + 53/2)2/0 Cy sup H, dt

suffices to guarantee stability of the corresponding nonlinear semigroup.

More drastic improvements due to sequential MCMC appear when good global spec-
tral gap estimates do not hold, as we shall now demonstrate.

4 Error control based on local estimates

Madras and Randall [8] and Jerrum, Son, Tetali and Vigoda [6] have shown how to
derive estimates for spectral gaps and logarithmic Sobolev constants of the generator of
a Markov chain from corresponding local estimates on the sets of a decomposition of the
state space combined with estimates for the projected chain. This has been applied to
tempering algorithms in [9], [1] and [?]. We now develop related decomposition tech-
niques for sequential MCMC. However, in this case, we will assume only local estimates
for the generators £;, and no mixing properties for the projections — whence there will be
an unavoidable error growth due to importance sampling/resampling between the com-
ponents. The results and examples below indicate that nevertheless sequential MCMC
methods might potentially be at least equally efficient as tempering algorithms in many
applications. Since mixing properties for the projections do not have to be taken into
account, the analysis of the decomposition simplifies considerably.

Let 0 < By < 1 < oo. We assume that for every ¢t € (fy,51), there exists a
decomposition
S=J9

i€l
into finitely many disjoint sets with 11;(Sf) > 0, as well as non-negative definite quadratic
forms & (i € I) on functions on S such that

Zm(sbsﬁf) < K-&(f) Vte(Bop), f:S—R (21)

for some fixed finite constant K. For example, one might choose &/ as the Dirichlet form
of the Markov chain corresponding to £; restricted to S}, i.e.,

1

() = 5 Y (FW) = F@) Lola,y) (x| S)). (22)
x,yES,f

In this case, (21) holds with K = 1.
Let us denote by E} and Varj, respectively, the expectation and variance w.r.t. the
conditional measure

1 (A) = i (A[S}),

and by 7 : § — [ the natural projection. In particular,

Eilflm] =) Eilf]- xss:

i€S

9



for any function f: 5 — R. We set
ﬁt = Ht - Et[Ht|’]T].

Assume that the following local Poincaré-type inequalities hold for all t € (5o, 51)
and i € I with constants A%, B} € (0, 00):

Ei[—H; 7]
B[, £

A -E(f)  Vf:S—R:Eflr]=0, (23)

<
< Bi-EHf) VYf:S—R:Eflr]=0. (24)

Remark 6. (i) Note that to verify (23) it is enough to estimate Ei[H, 2], while for (24)
one has to take into account the positive part of H; as well. In particular, (23) can not
be used to derive an estimate of type (24). However, if (23) holds with —H; replaced by
|Hy|, then (24) holds with B! = Ei[|H,|] - Al

(ii) If local Poincaré inequalities of the type

Vari(f) < C/-E(f) VY [f:S—R,iel, (25)
hold, then (23) and (24) hold with A = C} - maxg, H; and B} = C} - Vari(H).

Combining (21) and (23), (24) respectively yields

—H S = D m(SHE(-Hf7] < A-&(f) VYV f:S—R, (26)
i€l
and ,
>SS [BIEA) < Bio&(f)  VFiSoR, @)
i€l
where

A; = K -max A’ and B, := K - max B!,
(2 (2
The following error estimate is our key result.

Theorem 7. If \; > flt/Q for all t € (Bo, P1) then

By

—1 < — (1 1 2. (i 2
lone S T () + (VA i () (29)
where 5
(i) = EiH] = — < log ps(S7) (iel). (29)
s=t

Proof. Similarly to Theorem 3, we have to control the right hand side of (8), but now
by using only local Poincaré type inequalities. Let

Jti=g1—1 and fi == fi — B[ fulm].

10



Then

B [Hi (= (90— 1)%/2 4 (9: — Dex) ]
= [, [I:It( — (9t — 1)2/2 + (gt — l)gt)}

+ > ue(SHEH By [—(g: — 1)/2+ (9 — Ve
i€l

_ _%Et[ﬁtff] — By [ Bl filn]] + Bl FL ]
+> (SO EHIE] [~ f7/2 + feet] (30)
el
= —% E,[H, f7] + Z 1e(S7) Ei[H, fi] (e¢ — Ei[ft])
iel
+ Zﬂt(sz) he(i) By[—f7 /2 + fied).
el

Here we have used the definitions of H;, H, and h;, and the fact that E, [ﬁt|7r] = 0.

We now estimate the three summands on the right hand side separately. By the local
H-Poincaré inequality (26),

S Bl <5 A &),

BD\PA

y (27), and since
> m(S)EIf] = Eilfi] =0,

we have

Zﬂt(sf) -EiHfi] - (e — EiLf])

! 1/2 1/2
5 (z () Ez’mtft]?) (z (S0 (- Ez‘w)
i€l el
<

BYE(1) 2 (2 + Y m(shE)
= ( 1+5t>)1/2.

Moreover, since
—f2/2+ fier < €/2,

we obtain
Zﬂt [ ft /2 + fied]
el
< Zﬂt(SZ)hzr *Et + Zﬂt (St) hy () EL[f2/2 — fred)
i€l i€l

IN

1 1
<25? + 56t + 55/2> -maxh, = 5t-(1+\/5)2~maxh;.

11



Here we have used that

Zut (S hi (i Z,ut (SHhy (i) < max h;

and
S (S < (S mishEf2) " =

Combining the estimates yields, by (8) and (30):

1d
5@&} S _)\t . gt(ft) + ]Et [Ht(—f,?/2 + ftEt)]
A . 1/2 1
< <)\t - 2t> & fe) + (Btgt(ft)i?t(l + €t)) + 3 et(1 4 \/67)2 max hy
B, 1 9 _
< -
S o At et (14+e) + 5 Ct (14 /e¢)" maxh; ,

provided A; > A;/2. This proves (28).
Moreover, for any subset A C S,

d 1
lo 0 O lo x x
i g pi(A Mt (A) % i ( ﬂt(A);( ; 1og fus( ))Mt( )
Hy( = K[ H:|A
ut(A Z t( t[Hi| Al
which proves (29). O

To understand the consequences of (28), let us first consider the asymptotics as A
tends to infinity. In this case, (28) reduces to

d
%logst < (14 /&) - maxh;

In order to ensure that for ¢ > [y the error ; remains below a given threshold ¢ > 0,
note that as long as ¢; < §, we have

iloget (1+\[) max hy .

dt
Thus VB2
min(et, (5) S 8BOG2(5 +Vo) vt S [ﬁﬂaﬂl]a (31)
where
t t 8 .
Gy := exp < max h,. dr) = exp ( max — log ps(Sy) dr> .
Go Bo 7 aS s=r

Remark 8. The term G( 0 in (31) accounts for the maximum error growth due to
importance sampling between the components. If S; = S* is independent of ¢ for every

12



i, and there is an ig € I such that 9 log j15(S?) is maximized by S% for all s € (5, 31),

then . ( 4 )
d ; ot St

G = ex max — lo SYds) = ———~

t p( 5 i ds g/‘LS( ) ) ,U/BO(SZO)

i.e., Gy is the growth rate of this strongest growing component. In general, things

are more complicated, but a similar interpretation is at least possible on appropriate

subintervals of [, 1]

Vite [ﬁ[)aﬁl]?

Now we return to the case when J); is finite. The next corollary tells us how many
MCMC moves are sufficient to obtain an estimate on the growth of ¢; that is not much
worse than (31).

Corollary 9. Let 5 € (Bo, 51] and § > 0, and assume that

A “
At > 775 +oy - By vt € (Bo, B) (32)

for some function o : (8o, 3) — (0,00). Then

51
min(eg, 8) < e, G4 Y exp / ;”5 ds  Vte B, A (33)
Bo s
In particular, if )
A R

Mz (B BB Ve (B, ), (34)

then )
min(es, §) < eg, G4V el (35)

Proof. Assume that (32) holds, and let

2

Ut = Et/Ggl—i_\/g)

Then by the definition of G¢, Theorem 7, and (32),

d d _
alogut == loge; — (14 V0)? max h;

< B qyg<lE?
)\t_At/2 ay

for all t € (5o, ) such that ¢, < 6. Hence

t
1
€ = Uy G§1+\/3)2 < sgoGEH\/S)Q exp/ ;_ d ds

0

holds for t € [y, 8] provided the right hand side is smaller than 6. This proves (33).
The second assertion is a straightforward consequence. O

Remark 10. The main difference to Corollary 4 is that under local conditions it can
not be guaranteed that the error remains bounded. Instead, £; can grow with a rate
G(H‘\/S)Q

dominated by G, . As already pointed out, this is due to importance sampling
between the components.

13



5 Examples

5.1 Exponential model with £ valleys in the energy landscape

This is an extended version of a model considered in [7], [9] as a test case for some
multi-level MCMC methods. We fix k € N, and 71,79, ...,7, € N. Let S° := {0} and

S o= {(i,5): j=1,2,...,7}, 1<i<k.

We consider the graph with vertex set

k
s=U¥¢
=0

and edges (0, (7,1)), 1 <i <k, and ((¢,7),(¢,7+1)),1 <i<k,1<j<r; —1. Suppose
that
H(z) = —d(z,0), x €S,

where d(z,0) stands for the graph distance of = from 0, i.e., H(0) = 0 and H((7, 7)) = —j.
We assume that p; is given by (??7), where p is an arbitrary probability distribution on
S such that g(x) > 0 for all z € S and p is log-concave on each of the valleys S* of the
energy landscape, i.e.,

5 Qlog (7,5 + 1)) + log (i, — 1)) < log (i, )

forall 1 < i< kand 1l < j < r;. We consider the setup for sequential MCMC as
described above where L; is the generator of the Metropolis dynamics w.r.t. u; based
on the nearest neighbor random walk on S. Of course, there are more efficient ways to
carry out Monte Carlo integrations in this special situation. The point, however, is that
sequential MCMC methods can be applied even though the underlying structure of the
energy landscape is unknown. Let R = maxj<;<x ;. An application of Corollary 9 with
Bo =0 and S} = S° for all t > 0 yields the following result :

Theorem 11. If

A > R+ §R4 vt € (0,5),
then )
min(eg,8) < 0 -gGYTY e Wae(0,1). (36)

Moreover, if the conditional distribution u(-|S™) lies deeper in one of the valleys than in
the others in the sense that

p({(,5): 5= h}YS) > uw({(i,5): j>h}[S), (37)
then (50
pp(S*
Gg = —~
STIED
and thus e
. 46, <0
min(eg, ) < e (S T VOo<d<l. (38)

14



Proof. The log-concavity of j easily implies that u; as well is log-concave on S* for all
t>0and 1 < i < k. In particular, the restriction of y; to S? has a unique local maximum
for every i. By the method of canonical paths it is then not difficult to prove that the
spectral gap of the Metropolis dynamics w.r.t. p(-|S?) based on the standard random
walk is bounded from below by 1/27“1-2 forallt > 0 and 1 < i <k, cf. e.g. Proposition
6.3 in [5]. Now we are in the setting of Remark 6 (ii), according to which (23) and (24)
hold with & as in (22),

Al =273 and B! = —r!

Estimate (36) now follows by a straightforward application of Corollary 9.
To prove the second part of the assertion, we show that (37) places us in the setting
of Remark 8. In fact, for £ > 0,

% log ¢ (S) = By[H] — Ei[H]  for all 4

and i
Cp(HeMS) 3 eYul( )
p (et 8y) 25 €9 u((i, 5))
If (37) holds, then for any ¢ > 0, the right hand side is maximized when i = iy. Hence
by Remark 8,

~Ej[H] =

Gy = ——= for all t > 0.
L]

Remark 12. (i) The last estimate indicates that to obtain good bounds it is crucial that
the mass allocated by the initial distribution on the component S with strongest impor-
tance growth is not too small (although it can be rather small if the initial distribution
v is a good approximation of pyg).

(ii) Let Kg = foﬁ ¢ dt. Note that Kg is a measure for the total number of MCMC
steps that a corresponding sequential MCMC algorithm will perform on average. The
theorem implies that choosing A\; constant on [0, 8] with Kz of order O(/3?) is sufficient
to guarantee that the nonlinear flow of measures has good stability properties on [0, 3],
and can thus be used to efficiently approximate pg. In contrast to this situation, the
flow of measures corresponding to the standard simulated annealing algorithm has good
stability properties only if K3 grows exponentially in 3.

5.2 The mean field Ising model

As a very simple example for a model with a phase transition, we now consider the
mean field Ising (Curie-Weiss) model, i.e. pg is of type (??7) where po = p is the
uniform distribution on the hypercube

S = {-1,4+1}V,
and

N
1
H(o) = ~N Z 0i0; (39)
ig—1
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for some N € N. Let Lz be the generator of the (time-continuous) Metropolis chain
w.r.t. g based on the nearest neighbor random walk on S as proposal matrix. It is well
known that this chain is rapidly mixing (i.e. the spectral gap decays polynomially in N)
for # < 1, but torpid mixing holds (i.e. the spectral gap decays exponentially fast in V)
for 4 > 1. Thus in the multi-phase regime 3 > 1, the classical Metropolis algorithm
converges to equilibrium extremely slowly for large N.

Now assume for simplicity that IV is odd, and decompose S into the two components

N
Zai>0} and

=1

iwo}.

i=1

St .= {O’ES

ST = {O’ES

Improving on previous results (e.g. of Madras and Zheng [9]), Schweizer [?] showed
recently that the spectral gaps of the restricted Metropolis chains on both S* and S~
are bounded from below by %N ~2 for every t > 0. Applying the results above to the
error growth for the non-linear semigroup corresponding to sequential MCMC in this
situation, we obtain :

Theorem 13. For every 6 >0 and N € N,

sup & < 62'60

0<t<p

holds whenever eg < 1 and

N > §N3+ gﬁN“ v te(0,p). (40)

Proof. Since —N/2 < H(o) < 0 for all o, we have osc (H) < N/2 and
1 2
Var;(H|ST) = Var,(H|S™) < <2 0sc (H)) < N?/8
for every t > 0. By Schweizer’s result [?], a local Poincaré inequality of type (25) holds

on ST and S~ with C;” = C;” = 9N?. Hence by Remark 6 (ii), (23) and (24) hold with

9
Ati = §N3 and Bti =

gN‘l
3 .

The assertion now follows from Corollary 9, since
Ef[H] = E/[H] = E[H].
O

Remark 14. (i) The result is based on a rough estimate of A; and B, in terms of the
local spectral gap. We expect that a more precise estimate of these constants would
yield a smaller power of N in (40). Furthermore, for 5 < 1, the result can be improved
by applying global instead of local spectral gap estimates. However, our main interest
is the phase transition regime.
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(ii) Related results for the mean field Ising model have been obtained for mixing
times of Markov chains for umbrella sampling in [7], and for simulated and parallel
tempering in [9], [1], [?]. Schweizer [?] obtains an upper bound on the order in N and
3 of the L? mixing time (inverse spectral gap) for simulated tempering that is close to
the one in (40). In contrast, the best known order for parallel tempering is much worse.
In general, it seems that the analysis of sequential MCMC is partially simpler than
the one for parallel tempering, where one has to take into account that a particle can
only move in temperature if another particle moves in the opposite direction. In fact,
for this reason we would expect that sequential MCMC methods can have substantial
advantages compared to parallel tempering.

(iii) The theorem can be extended to a mean field Ising model with magnetic field. In
this case, however, one has to take into account an additional (but well controlled) error
growth due to importance sampling/resampling between the components. Moreover, the
decomposition into the two components will now depend on ¢. Without magnetic field
this is not the case because of the built-in symmetry.
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